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Abstract
Communicating information, like gradient vectors, between computing nodes in
distributed and federated learning is an unavoidable burden, resulting in scalability
issues. Indeed, communication might be slow and costly. Recent advances in
communication-efficient training algorithms have reduced this bottleneck by using
compression techniques, in the form of sparsification, quantization, or low-rank
approximation. Since compression is inexact, the iteration complexity is typically
worsened; but the communication complexity can improve significantly, leading
overall to large computation time savings. We investigate the trade-off between
the number of bits needed to encode compressed vectors and the corresponding
compression error. In a worst-case analysis, we introduce an efficient compression
operator, Sparse Dithering, which is very close to a lower bound we have derived.
In an average-case analysis, we design the new Spherical Compression scheme,
which is simple and optimal. Our new compressors significantly outperform the
state of the art, as illustrated by numerical experiments in Figures 1 and 2.

1

Introduction

Due to the necessity of huge amounts of data to achieve high-quality machine learning models [1, 2],
modern large-scale training procedures are executed in a distributed environment [3, 4]. In such a
setup, both storage and computation needs are reduced, as the overall data is partitioned among the
nodes and computation is carried out in parallel. However, it is necessary for the nodes to exchange
information about their local progress [5–9]. This need for communication is typically a burden,
resulting in a scalability issue commonly referred to as communication bottleneck [10–12]. To reduce
its amount, the information can be communicated in a compressed or inexact form. Information
lossy compression is a common practice, where original information is encoded approximately with
essentially fewer bits, while introducing additional controllable distortion into the decoded message.
In the context of Federated Learning [13–15], communication between devices arises naturally, as
data is initially decentralized and should remain so, for privacy purposes. It might be even desirable
for each unit, or client, to compress/encode/encrypt the information they are going to share, to
minimize private data disclosures. Another practical scenario where compression methods are useful
is when storage capabilities are scarce or there is no need to save complete versions of the data. In
such cases, the representation of the data (encoding and decoding schemes) can be optimized and
with little or no precision loss, one can allocate significantly less memory space.
Related work. Recently, substantial amount of work has been devoted to the advances of
communication-efficient training algorithms by utilizing various types of compression mechanisms,
such as sparsification [16–18], quantization [19–21] and low-rank approximation [4]. Typically, the
information communicated by computing nodes consists of local gradients, to which compression
operators are applied. For example, one popular example of such compression operator is Top-k [22],
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which transfers only k coordinates of the gradient with largest magnitudes. The theoretical foundations of lossy compression have long history and are based on Rate-Distortion Theory rooted in
Shannon’s work [23, 24]. Recently, this theory has been exploited in the context of model compression [25, 26]. Typically, the statistical properties of the input messages are supposed known and are
exploited. This differs from our setting: we do not assume any knowledge on the encoded vectors.
We investigate the problem of lossy compression, namely encoding vectors x ∈ Rd , without prior
knowledge on the distribution, for any d ≥ 1, into as few bits as possible, while introducing as little
distortion as possible. Formally, we measure the distortion of a (possibly randomized)
compression

operator C : Rd → Rd by its constant α ∈ [0, 1] such that E kC(x) − xk2 ≤ αkxk2 for every x,
where the norm is the Euclidean norm (see Definitions 1, 2 and 3 for details). We denote by b the
number of bits (in the worst case or in expectation) needed to encode C(x). Intuitively, b and α
cannot be too small at the same time: they are antagonistic and ruled by a fundamental rate-distortion
trade-off. As a matter of fact, as shown in [27], the following lower bound, referred to as uncertainty
principle for communication compression, holds (if omitted, the base of log is assumed to be 2):
α 4 /d ≥ 1
b

or, equivalently, b ≥ d 12 log α1 .

(1)

In this work, we investigate this trade-off more deeply. We perform two types of analyses: worst
case analysis (WCA) and average case analysis (ACA), and we we design new efficient compression
schemes in both cases. Note that our derivations deal with real numbers, compressed using a finite
number of bits. We should keep in mind that numbers are represented by finite-precision, say 32 bits,
floats in computers. We can safely omit this aspect in the derivations, without loss of rigor.
WCA: Contributions. We will not detail this study by lack of space, but we have constructed a
compression scheme with α distortion and b encoding bits (in the worst case), satisfying
α 4 /d ≤ poly(d) /d
b

1

or b ≤ d 12 log

1
α

+ O(log d).

(2)

This implies the asymptotic tightness of the bound (1) as the dimension d grows. Also, investigating
the minimal number of bits (in the worst case) b∗ (α, d) as a function of distortion α and dimension d,
we proved that
b∗ (α, d) = − log P (α, d) + log d + 12 log log d + e,
1
where P (α, d) := 21 Iα ( d−1
2 , 2 ), with Iα the regularized incomplete beta function, and e a negligible
additive error term with |e| ≤ 21 log log d + O(1), as opposed to O(log d) in (1) and (2).

Motivated by these lower bounds, we consider in Section 3 the construction of a compression method
which is optimal and implementable in high dimensions. For this, we slightly depart from the
optimal boundary and propose a new efficient compression method—Sparse Dithering (SD). Both
deterministic (biased) and randomized (unbiased) versions of SD are analyzed, and comparisons
with existing methods are made, showing that we outperform the state of the art. In the special case,
the encoding of deterministic SD with α = 1/10 distortion requires at most 30 + log d + 3.35d bits,
which is optimal within 1.69d additional bits (see Theorem 1).
ACA: Contributions. In the average-case analysis, we have established a lower bound
− log P (α, d) ≤ B on the expected number of bits B needed to encode a compression operator from C(α) (see Definition 3). To reach this lower bound, in Section 4, we first analyze the
randomized (and unbiased) version of SD. It is good but still suboptimal with respect to the lower
bound. Then we present a simple compression operator–Spherical Compression–which attains the
lower bound with less than 3 extra bits, (see Theorem 4).
Our findings are developed and illustrated by experiments in the long version of the paper [28].

2

Discussion about Compression Operators

First, we formally define three general classes of compression operators, that will be considered
throughout the paper. We start with the well-studied class of unbiased compressors [16, 20, 29, 30].
Definition 1 (ω-compressors). We denote by U(ω) the class of
operators
 unbiased compression

C : Rd → Rd with variance ω ≥ 0; that is, E [C(x)] = x and E kC(x) − xk2 ≤ ωkxk2 , ∀x ∈ Rd .
Another broad class of compressions operators, for which compressed learning algorithms have been
successfully analysed [31–34], is the class of biased operators, which are contractive in expectation.
2

Definition 2 (α-contractive operators). We denote by B(α) the class of (possibly biased and
randomized)
compression
operators C : Rd → Rd with α ∈ [0, 1]-contractive property; that is,


2
2
E kC(x) − xk ≤ αkxk , ∀x ∈ Rd .
Similar to ω for the variance, the parameter α is referred to as normalized variance or distortion
threshold. It has been shown that the class U(ω) can be embedded into B(α). Specifically, if
ω
1
C ∈ U(ω), then ω+1
C ∈ B( ω+1
) (see e.g. Lemma 1 in [27]). We will also consider the subclass
of strictly contractive operators which, compared to operators from B(α), are contractive for all
realizations rather than in expectation:
Definition 3 (Strictly α-contractive operators). We denote by C(α) the class of (possibly biased and
randomized) compression operators C : Rd → Rd with α ∈ [0, 1]-strictly contractive property; that
is, kC(x) − xk2 ≤ αkxk2 , ∀x ∈ Rd .
Encoding and Decoding Generally speaking, compression is a two-sided notion in the sense that
one end encodes the message, while the other end decodes it to estimate the original information.
An encoder is any mapping E : Rd → {0, 1}∗ which maps a given vector x ∈ Rd to some finite
word from the set of all finite words {0, 1}∗ with the binary alphabet {0, 1}. A decoder, on the other
hand, is a mapping D : {0, 1}∗ → Rd which aims to reconstruct the initial vector x ∈ Rd from the
finite binary codeword E(x). Thus, a compression operator C : Rd → Rd can be decomposed into an
encoder and decoder so that C(x) = D(E(x)). The number of bits needed to transfer a compressed
version of x ∈ Rd is the length |E(x)| of the binary word E(x). In the worst case analysis we are
interested in the length of the longest codeword supx,C(x) |E(x)|, while in average case analysis we
investigate the size of the longest expected codeword supx EC [|E(x)|].
From now on, we exclude the trivial cases ω = 0, α ∈ {0, 1} and we assume ω > 0, α ∈ (0, 1).
Two notions of optimality. It is worth distinguishing between optimality within a class in a single
step of communication and optimality of total communication throughout the optimization process
kxt −x? k2
leading to -accuracy, e.g. kx
0 −x? k2 ≤  for a prescribed , where t is the iteration counter. Our
theoretical contributions mainly deal with the first sense of optimality. Regarding the second view of
optimality, the following proposition shows that Compressed Gradient Descent (CGD) can converge
at significantly different speeds for different operators from B(α).
1
Proposition 1. If C ∈ B(α), the iteration complexity of CGD is 1−α
times bigger than for GD; that
1
is CGD needs 1−α times more iterations than GD to obtain the same -accuracy. Moreover, if C is
additionally unbiased, then only 1 + α times more iterations are sufficient.
Thus, if we aim to minimize the total communication complexity ensuring convergence to -accuracy,
then the optimal operator C ∗ should be either unbiased, or it will need to satisfy not only the direct
condition, E[|EC ∗ (x)|] ≤ E[|EC (x)|] for all operators C ∈ B(α), but also the additional condition
E[|EC ∗ (x)|] ≤ (1 − α2 )E[|EU (x)|] for all unbiased operators U ∈ B(α). It is important to see that
when α is close to 1, then this additional constraint is hard to satisfy when C ∗ is not unbiased. For
α < 1, we show that this is indeed the case by obtaining an optimal biased operator C ∗ ∈ B(α),
which we call Spherical Compression, and another unbiased one, which we call Sparse Dithering. We
show that the latter is more suitable in practice due to its unbiasedness, and hence, convergence occurs
in much fewer iterations, and that this is most pronounced when α is close to 1. In addition to being
computationally efficient, Sparse Dithering is guaranteed to reduce the total training communication
by ≈ 9.9× compared to full precision gradient communication of 32-bits floats.
Compressed learning algorithms. To highlight the importance of investigating the communicationvariance trade-off of compression operators, we present how these operators affect the performance of
compressed learning algorithms. For the sake of simplicity, consider distributed Compressed Gradient
Descent (CGD) with compression operator C ∈ U(ω) solving the following smooth non-convex
optimization problem
Pn
minx∈Rd f (x) := n1 i=1 fi (x),
where n is the number of nodes or machines available and fi (x) is the loss function corresponding to
the data stored at node i. Hence, CGD algorithm iteratively performs the updates xt+1 = xt − γt g t
with unbiased gradient estimator
Pn
Pn
g t = n1 i=1 git := n1 i=1 C(∇fi (xt )).
3

Using smoothness of the loss function f (x), the expected loss is upper bounded as follows:
E[f (xt+1 )|xt ] = Et [f (xt − γt g t )]
L-smoothness

≤

 t 2
Lγt2
2 Et kg k
 t

Lγt2
t 2
2 Et kg − ∇f (x )k ,

f (xt ) − γt k∇f (xt )k2 +
2γ −Lγ 2

= f (xt ) − t 2 t k∇f (xt )k2 +
where L > 0 is the smoothness parameter. Now, the term that is affected by compression and slowing
down the convergence is the last one, namely the variance of estimator g t , which can be transform
into



 Pn
Et kg t − ∇f (xt )k2 = Et k n1 i=1 (git − ∇fm (xt )) k2


Pn
Pn
= n12 i=1 Et kgit − ∇fi (xt )k2 ≤ nω2 i=1 k∇fi (xt )k2 .
Clearly, without compression (ω = 0), this term vanishes. Thus, the slowdown caused by the
compression operator C ∈ U(ω) is controlled by its parameter ω. Similarly, for compression operators
from B(α) or C(α), the slowdown is controlled by α. Hence, the goal is to design compression
operators minimizing both variance and number of encoding bits to get efficient learning algorithms.

3

Sparse Dithering: An Almost Optimal Scheme in the Worst Case

We introduce a new compression scheme–Sparse Dithering (SD)–which is efficient in high dimension
and nearly optimal. In some sense, SD can viewed as an effective combination of Top-k sparsification
[22] and random dithering with uniform levels [29]. The essential novelty is the encoding scheme and
better upper bound on the number of communicated bits. In this section, we present a deterministic
and hence biased version of SD.
Construction and variance bound. To compress a given nonzero vector x ∈ Rd , we first compress
the normalized vector u = x/kxk ∈ Sd and then rescale it. To quantize
the coordinates of the unit
p
vector u, we apply dithering with levels 2ki h, ki ≥ 0, where h = ν/d is the half-step and ν > 0 is
a free parameter. For each coordinate ui , i ∈ [d] we choose the nearest level so that ||ui | − 2ki h| ≤ h.
Letting ûi = sign(ui ) 2ki h we have |ui − ûi | ≤ h for all i ∈ [d]. Therefore,
Pd
ku − ûk2 = i=1 (ui − ûi )2 ≤ dh2 = ν.
Note that, after applying the scaling factor kxk, this gives a compression with variance at most ν.
However, kxk is not always the best option. Specifically, we can choose the scaling factor γ > 0 so
to minimize the variance kx − γ ûk2 , which yields the optimal factor γ ∗ = hx,ûi
kûk2 with the optimal
2
∗
2
2
π
variance of kx − γ ûk = sin ϕ kxk , where ϕ ∈ [0, /2] is the angle between x and û (in case of
C(x) = 0 we set ϕ = π/2). Hence, defining the compression operator as C(x) = γ ∗ û, we have the
following bound on the variance:

kC(x) − xk2 ≤ min ν, sin2 ϕ kxk2 .
Encoding scheme. We now describe the corresponding encoding scheme into a sequence of bits.
With the following notations:
d
γ := 2hγ ∗ ∈ R+ , k := (ki )di=1 ∈ Nd+ , s := (sign(ui ki ))i=1 ∈ {−1, 0, 1}d ,
(3)
∗
∗
the compression operator can be written as C(x) = γ û = 2hγ sign(u) k = γ s k. So, we need to
encode the triple (γ, s, k). As γ ∈ R+ , we need only 31 bits for the scaling factor. Next we encode s.
Let
n0 := |{i ∈ [d] : si = 0}| = |{i ∈ [d] : ki = 0}|
be the number of coordinates ui that are compressed to 0. To communicate s, we first send the
locations of those n0 coordinates and then d − n0 bits for the values ±1. Sending n0 positions can

be done by sending log d bits representing the number n0 , afterwards sending log nd0 bits for the
positions. Finally, it remains to encode k, for which we only need to send nonzero entries, since the
positions of ki = 0 are already encoded.
We encode ki ≥ 1 with ki bits: ki − 1 ones followed by a
P
zero. Hence, encoding k requires ki bits.

We have derived a theoretical upper bound on the total number of bits for any choice of parameter
ν > 0. Let us just highlight the special case of ν = 1/10:
4

Theorem 1. Deterministic SD compression operator with parameter ν = 1/10 belongs to C(1/10),
communicating 30 + log d + 3.35d bits at most.

1 3.35
4
≈ 1.69
Ignoring the 30 + log d negligible bits, SD is within a factor of log4 (α 4b/d ) = log4 10
of optimality; that is, at most 1.69d more bits are sent in comparison to optimal compression with the
same normalized variance 1/10.

4

Average-Case Analysis

Now we switch to the average-case analysis for the class C(α). Let us first investigate the trade-off
between the normalized variance α and the expected number of bits B = supkxk=1 EC [|E(x)|] . In
other words, we study the trade-off for strictly α-contractive operators that encode any unit vector
with no more than B bits in expectation. We have:
Theorem 2. Let C ∈ C(α) be a compression operator such that C(x) ∈ Rd can be transferred with
B bits in expectation for any unit vector x ∈ Sd . Then − log P (α, d) ≤ B.
4.1

Randomized version of Sparse Dithering

Here we randomize Sparse Dithering to make it unbiased and estimate the number of encoding bits it
needs in expectation. First we decompose the to-be-compressed vector x ∈ Rd into the magnitude
and unit direction u = x/kxk as before. To randomize the scheme, each coordinate ui gets rounded to
one of the two nearest neighbors, so as to preserve unbiasedness; that is, if 2ki h ≤ |ui | ≤ 2(ki + 1)h
for some ki ≥ 0, then ûi = sign(ui )2k̂i h where

i|
ih
k̂i = ki with prob. 2(ki +1)h−|u
, ki + 1 with prob. |ui |−2k
.
2h
2h
Clearly, E [û] = u and defining C(x) = kxkû, we maintain unbiasedness E [C(x)] = x. The encoding
scheme is the same as in the deterministic case. Upper bounding the expected number of bits and the
variance, we obtain:
Theorem 3. Randomized SD compression
√  with parameter ν = ω belongs to U(ω), communicating
at most 30 + log d + log 3 + 1/(2 ω) d bits in expectation. In particular, with ω = 1/4 variance
(ignoring 30 + log d negligible factors), it uses (1 + log 3) d ≈ 2.6d bits in each iteration (about 12
times less than full precision case) and forces up to 1 + ω = 5/4 times more iterations, leading to
≈ 9.9 times bandwidth savings.
√
As mentioned earlier, SD is similar to random dithering with uniform levels, namely with d
levels. However, with a different parametrization ν and better
√ encoding strategy, SD provides better
theoretical guarantees. Indeed, random dithering with d levels communicates ≈ 2.8d bits in
expectation and requires 1 + ω = 2 times more iterations, resulting in a factor of ≈ 5.7 in bandwidth
saving (see Theorem 3.2 and Corollary 3.3 of [29]).
Thus, the randomized version of Sparse Dithering is better than random dithering, but is suboptimal
w.r.t. the established lower bound. In the next section, we present a new compression operator from
C(α), Spherical Compression, which is provably optimal.
4.2

New Compressor: Spherical Compression (SC)

It can be shown that randomized SD compression discussed in the previous section is suboptimal with
respect to the lower bound of Theorem 2. Here we provide a simple compression operator–Spherical
Compression (SC)–that achieves this lower bound with less than 3 overhead bits.
Construction and variance bound. As before, we transmit the magnitude and direction separately.
For a given unit vector x ∈ Sd , SC generates a sequence (xt )Tt=1 of i.i.d. points with kxt k2 = 1 − α,
and terminates once kxT − xk2 ≤ α for some T ≥ 1. The last generated point xT is the compressed
version of x we need to communicate, that is C(x) = xT . It follows directly from this construction
that C ∈ C(α).
Encoding scheme. The crucial observation is that it is sufficient to communicate the value of T .
Importantly, the emitter and receiver have agreed on using the same random seed for generating i.i.d.
5

points (xt ), before the compression of any vector is performed. Thus, upon receiving the number of
trials T , the decoder can reproduce the same sequence x1 , x2 , . . . , xT and recover xT . Consequently,
it remains to encode the integer T into a binary code.
Upper bound on B. T follows a geometric distribution with parameter
p = P (α, d). In our case,
√
the trials correspond to generating i.i.d. points xt , until xt ∈ C d (xt , α), which happens with proba.
P (α, d) ∈ (0, 1/2). Therefore, the expected number of points xt we need to generate until we get
into α-vicinity of the initial point x is E [T ] = 1/p = 1/P (α,d) > 2. Next, we encode T with the
Golomb–Rice coding scheme. Define the integer m ≥ 0 from 1/2p ≤ 2m < 1/p and decompose T
as T = 2m q + r with q ≥ 0, 0 ≤ r < 2m . The quotient q is encoded with unary coding as a string
of q zeros followed by a 1. The remainder r is communicated with exactly m bits using truncated
binary coding. There is no need to send the value of m as it can be computed from p, which depends
only on α and d. Hence, the total number of bits to encode T is no more than q + m + 1. Note that
m < log 1/p = − log p is fixed, while q depends on T and q ≤ 2−m T . Hence,
B = E [q + m + 1] < 2−m E [T ] − log p + 1
=

1
2m p

− log p + 1 ≤ − log p + 3,

(4)

which implies:
Theorem 4. In the average-case analysis, Spherical Compression is optimal up to 3 extra bits; that
is, it communicates B < − log P (α, d) + 3 bits in expectation.
It is worth mentioning that the above compression operator satisfies kC(x) − xk2 ≤ αkxk2 in√the
worst case, not in expectation. Moreover, because of the symmetry of spheres and caps C d (xt , α),
it can be seen from the construction that E [C(x)] points to the same direction as the initial vector x.
Thus, with an appropriate (fixed) scaling factor, it can be made unbiased as well.
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Figure 1: Communication vs. convergence: we look at convergence, measured as kxt − x? k2 /kx0 −
x? k2 w.r.t. the number of bits communicated, for various compression operators. The benchmark
‘Basic’ sends a 32-bits float for every element in the gradient, with a total of 32d bits per iteration.
We run Top-k for all 1 ≤ k ≤ d and pick the best representative, naming it ‘Best Top−k’. Left: ridge
regression on the Body-Fat dataset. Right: logistic regression on the Breast-Cancer dataset.
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