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Abstract
In this paper, we study the performance of a large family of SGD variants in
the smooth nonconvex regime. To this end, we propose a generic and flexible
assumption capable of accurate modeling of the second moment of the stochastic
gradient. Our assumption is satisfied by a large number of specific variants of SGD
in the literature, including SGD with arbitrary sampling, SGD with compressed
gradients, and a wide variety of variance-reduced SGD methods such as SVRG
and SAGA. We provide a single convergence analysis for all methods that satisfy
the proposed unified assumption, thereby offering a unified understanding of SGD
variants in the nonconvex regime instead of relying on dedicated analyses of
each variant. Moreover, our unified analysis is accurate enough to recover or
improve upon the best-known convergence results of several classical methods, and
also gives new convergence results for many new methods which arise as special
cases. In the more general distributed/federated nonconvex optimization setup,
we propose two new general algorithmic frameworks differing in whether direct
gradient compression (DC) or compression of gradient differences (DIANA) is
used. We show that all methods captured by these two frameworks also satisfy our
unified assumption. Thus, our unified convergence analysis also captures a large
variety of distributed methods utilizing compressed communication. Finally, we
also provide a unified analysis for obtaining faster linear convergence rates in this
nonconvex regime under the PL condition.

1

Introduction

In this paper, we develop a general framework for studying and designing SGD-type methods
for solving nonconvex distributed/federated optimization problems [24, 25, 18]. Given m machines/workers/devices, each having access to their own data samples, we consider the problem


m
P
1
minx∈Rd f (x) := m
fi (x)
(1)
i=1

in the heterogeneous (non-IID) data setting, i.e., we allow different workers to have access to different
data distributions. We consider the case when the loss fi in worker i is of an online/expectation form,
fi (x) := Eζ∼Di [fi (x, ζ)],

(2)

and also the case when fi is of a finite-sum form,
fi (x) :=

1
n

n
P

fi,j (x),

(3)

j=1

where f (x), fi (x), fi (x, ζ) and fi,j (x) are possibly nonconvex functions. Forms (2) and (3) capture
the population (resp. empirical) risk minimization problems in distributed/federated learning.
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Algorithm 1 Framework of stochastic gradient methods
Input: initial point x0 , stepsize ηk
1: for k = 0, 1, 2, . . . do
2:
Compute stochastic gradient g k
3:
xk+1 = xk − ηk g k
4: end for
In particular, the single machine/node case (i.e., m = 1) of problem (1) reduces to the standard
problem
min f (x),
(4)
x∈Rd

where f (x) can be the online/expectation form
f (x) := Eζ∼D [f (x, ζ)]

(5)

or the finite-sum form
n

f (x) :=

1X
fj (x),
n j=1

(6)

where f (x), f (x, ζ) and fj (x) are possibly nonconvex functions. These forms capture the standard
population/empirical risk minimization problems in machine learning.
There has been extensive research into solving the standard problem (4)–(6) and an enormous number
of methods were proposed, e.g., [44, 43, 9, 17, 5, 45, 7, 40, 27–29, 2, 35, 10, 55, 6, 33, 46, 37]. Due
to the increasing popularity of distributed/federated learning, the more general distributed/federated
optimization problem (1)–(3) has attracted significant attention as well [25, 41, 39, 28, 31, 51, 42, 16,
20, 22, 54, 32, 18, 38, 23]. However, all these methods are analyzed separately, often using different
approaches, intuitions, and assumptions, and separately in the m = 1 (single node) and m ≥ 1 case.
1.1

Our contributions

We provide a single and sharp analysis for a large family of SGD methods (Algorithm 1) for solving
the nonconvex problem (1). Our approach offers a unified understanding of many previously proposed
SGD variants, which we believe helps the community making better sense of existing methods and
results. More importantly, our unified approach also motivates and facilitates the design of, and
offers plug-in convergence guarantees for, many new and practically relevant SGD variants.
While Algorithm 1 has a seemingly tame structure, the complication arises due to the fact that
there is a potentially infinite number of meaningful and yet sharply distinct ways in which the
gradient estimator g k can be defined. The selection of an appropriate estimator is a very active
and important area of research, as it directly impacts many aspects of the algorithm it gives rise to,
including tractability, memory footprint, per iteration cost, parallelizability, iteration complexity,
communication complexity, sample complexity and generalization.
The key technical idea of our approach is the design of a flexible, tractable and accurate parametric
model capturing the behavior of the stochastic gradient. We want the model to be flexible in order to
be able to describe many existing and have the potential to describe many variants of SGD. As we
shall see, flexibility is achieved by the inclusion of a number of parameters. We want the model to be
tractable, meaning that it needs to act as an assumption which can be used to perform a theoretical
complexity analysis. Finally, we want the complexity results to be accurate, i.e., we want to recover
best known rates for existing methods, and obtain sharp and useful rates with predictive power for
new methods. Our parametric model is described in Assumption 1, and as we argue throughout the
paper and its full version [36], it is indeed flexible, tractable and accurate.
Assumption 1 (Gradient estimator) The gradient estimator g k in Algorithm 1 is unbiased, i.e.,
Ek [g k ] = ∇f (xk ), and there exist non-negative constants A1 , A2 , B1 , B2 , C1 , C2 , D1 , ρ and a
random sequence {σk2 } such that the following two inequalities hold
Ek [kg k k2 ] ≤ 2A1 (f (xk ) − f ∗ ) + B1 k∇f (xk )k2 + D1 σk2 + C1 ,
2
Ek [σk+1
]

≤ (1 −

ρ)σk2

k

∗

k

2

+ 2A2 (f (x ) − f ) + B2 k∇f (x )k + C2 .
2

(7)
(8)

Table 1: Selected methods that fit our unified analysis framework for nonconvex optimization (m = 1,
i.e., single node).
Problem
(4)
(4) with (5) or (6)
(4) with (6)
(4) with (6)

Assumption 1
L-smooth
L-smooth
L-smooth
L-smooth

Algorithm
GD
SGD
L-SVRG
SAGA

Convergence result
Cor 1
Cor 2
Cor 3
Cor 4

Recover
[44]
[10, 21]
[49, 3, 34, 48]
[50]

Table 2: Selected methods that fit our unified analysis framework for nonconvex distributed/federated
optimization (m ≥ 1, i.e., any number of nodes).
Problem
(1)
(1) with (2) or (3)
(1) with (3)
(1) with (3)
(1)
(1) with (2) or (3)
(1) with (3)
(1) with (3)
†

Assumption
L-smooth
L-smooth
L-smooth
L-smooth
L-smooth
L-smooth
L-smooth
L-smooth

Algorithm
DC-GD
DC-SGD
DC-LSVRG
DC-SAGA
DIANA-GD
DIANA-SGD
DIANA-LSVRG
DIANA-SAGA

Convergence result
Cor 5
Cor 6
Cor 7
Cor 8
Cor 9
Cor 10
Cor 11
Cor 12

Recover
[21]
[21, 15]
New
New
New
New
New†
New†

We want to mention that Horváth et al. [16] studied a weak version of DIANA-LSVRG and DIANA-SAGA
with minibatch size b = 1 (non-minibatch version).

Table 3: Selected methods that fit our unified analysis framework for nonconvex optimization under
the PL condition (m = 1).
Problem
(4)
(4) with (5) or (6)
(4) with (6)
(4) with (6)

Assumption
L-smooth, PL cond.
L-smooth, PL cond.
L-smooth, PL cond.
L-smooth, PL cond.

Algorithm
GD
SGD
L-SVRG
SAGA

Convergence result
Cor 13
Cor 14
Cor 15
Cor 16

Recover
[47, 19]
[21]
[50, 34]
[50]

Table 4: Selected methods that fit our unified analysis framework for nonconvex distributed/federated
optimization under PL condition (m ≥ 1).
Problem
(1)
(1) with (2) or (3)
(1) with (3)
(1) with (3)
(1)
(1) with (2) or (3)
(1) with (3)
(1) with (3)

Assumption
L-smooth, PL cond.
L-smooth, PL cond.
L-smooth, PL cond.
L-smooth, PL cond.
L-smooth, PL cond.
L-smooth, PL cond.
L-smooth, PL cond.
L-smooth, PL cond.

Algorithm
DC-GD
DC-SGD
DC-LSVRG
DC-SAGA
DIANA-GD
DIANA-SGD
DIANA-LSVRG
DIANA-SAGA

Convergence result
Cor 17
Cor 18
Cor 19
Cor 20
Cor 21
Cor 22
Cor 23
Cor 24

Recover
New
New
New
New
New
New
New
New

Flexibility: Our model for the behavior of the stochastic gradient for nonconvex optimization, as
captured by Assumption 1, is satisfied by a large number of specific variants of SGD proposed in the
literature, including SGD with arbitrary sampling [48, 12, 11, 21], SGD with compressed gradients
[1, 53, 4, 24, 13, 15], and a wide variety of variance-reduced SGD methods such as SVRG [17],
SAGA [5] and their variants (e.g., [14, 26, 49, 50, 3, 30, 34, 8, 42, 16]). Specific methods vary in the
parameters for which recurrences (7) and (8) are satisfied. For example, SGD variants not employing
variance reduction will generally have D1 = 0, and recurrence (8) will not be used (i.e., we can
ignore it and set ρ = 1, A2 = 0, B2 = 0 and C2 = 0). This setting was considered in [21], and was
an inspiration for our work. If variance reduction is applied, then D1 > 0 and typically C1 = 0, and
recurrence (8) describes the variance reduction process, with parameter ρ describing the speed of
variance reduction. If C2 > 0, variance reduction is not perfect. If C2 = 0 as well, then the methods
will be fully variance reduced, which typically means faster convergence rate. The specific values of
1

Due to the space limit, the detailed assumptions, algorithm descriptions, and corollaries of convergence
result (note that here the indices of corollaries are corresponding to those in [36]) listed in Tables 1–4 can be
found in the full version of this paper [36]. Besides, ‘New’ in the last column means that we obtain the first
convergence result for those cases that no previous results exist.
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all the parameters depend on how the stochastic gradient g k is constructed (e.g., via minibatching,
importance sampling, variance reduction, perturbation, compression).
We design several new methods, with gradient estimators that fit Assumption 1, for solving the general
nonconvex distributed/federated problem (1)–(3) using compressed (e.g., quantized or sparsified)
gradient communication, which is of import when training distributed deep learning models. We adopt
a direct compression (DC) framework [1, 24], and a compression of gradient differences framework
(DIANA) [42, 16]. We develop several new specific methods belonging to the DC framework
(Algorithm 2) and DIANA framework (Algorithm 3), show that they all satisfy Assumption 1, and
thus are also captured by our unified analysis.
Tractability: We use our unified assumption to prove four complexity theorems: Theorems 1,
2, 3, and 4. Theorem 1 is the main theorem, and Theorem 2 is used to obtain sharper results
under the PL condition. Theorems 3 and 4 are used in combination with the previous generic
Theorems 1 and 2 to obtain specialized results for distributed/federated optimization utilizing either
direct gradient compression (DC framework (Algorithm 2)), or compression of gradient differences
(DIANA framework (Algorithm 3)), respectively. In Tables 1–4 we visualize how these theorems lead
to corollaries which describe the detailed complexity results of various existing and new methods.
Accuracy: For all existing methods, the rates we obtain using our general analysis match the best
known rates. We also obtain the first results for some cases where no previous results exist.

2

Unified Main Theorem

In this section we first provide our main unified complexity result (Theorem 1) for a large family of
SGD methods (Algorithm 1) under the general parametric assumption (Assumption 1). Subsequently,
we also provide a unified result (Theorem 2) in the case when the PL condition (Assumption ??) is
satisfied. Note that under the PL condition, one can obtain a faster linear convergence O(· log 1 ) (see
Theorem 2) rather than the sublinear convergence O(· 12 ) (see Theorem 1).
Theorem 1 (Main theorem) Suppose that Assumptions 1 and 2 hold. If the stepsize ηk ≤
1
LB1 +LD1 B2 ρ−1 , then for any K ≥ 1, the iterates generated by Algorithm 1 satisfies
E[k∇f (b
xK )k2 ] ≤

2∆00 β K
−1
PK−1 K−1−k + ηL(C1 + D1 C2 ρ ).
η k=0 β
β K−1−k
PK−1 K−1−k
k=0 β
2−1 Lη 2 D1 ρ−1 σ02 .

where x
bK randomly chosen from {xk }K−1
k=0 with probability pk =
1 + Lη 2 (A1 + D1 A2 ρ−1 ) and ∆00 := f (x0 ) − f ∗ +

(9)
for xk , β :=

In particular, if A1 + D1 A2 ρ−1 = 0 (thus β = 1) and use the fixed stepsize
n
o
2
ηk ≡ η ≤ min L(B1 +D11 B2 ρ−1 ) , 2L(C1 +D
−1
) ,
1 C2 ρ
then the number of iterations performed by Algorithm 1 to find an -solution, i.e., a point x
bK such
that E[k∇f (b
xK )k] ≤ , can be bounded by
n
o
−1
4∆0 L
K = 20 max B1 + D1 B2 ρ−1 , 2(C1 +D12 C2 ρ ) ,
Theorem 2 (Main theorem under PL condition) Suppose that Assumptions 1, 2 and 8 hold. Set
the stepsize as
(
η
if k ≤ K
2
1
ηk =
, where η ≤ LB1 +2LD1 B2 ρ−1 +(LA
2η
−1 )µ−1
1 +2LD1 A2 ρ
if k > K
2
2+(k− K )µη
2

∆00

and let
:= f (x ) − f ∗ + Lη 2 D1 ρ−1 σ02 and κ := L
µ . Then the number of iterations performed by
K
Algorithm 1 to find an -solution, i.e., a point x such that E[f (xK ) − f ∗ ] ≤ , can be bounded by
n
o

−1
2∆0
)κ
1 C2 ρ
K = max 2 B1 + 2D1 B2 ρ−1 + (LA1 + 2LD1 A2 ρ−1 )µ−1 κ log  0 , 10(C1 +2D
.
µ
0

4

In the full version of this paper [36], we show that many specific methods, existing and new, satisfy our
unified Assumption 1 and can thus be captured by our unified analysis (i.e., Theorems 1 and 2). We
can thus plug their corresponding parameters (i.e., specific values for A1 , A2 , B1 , B2 , C1 , C2 , D1 , ρ)
into our unified Theorems 1 and 2 to obtain detailed convergence rates for these methods. For example,
the gradient estimator g k = ∇f (xk ) in standard GD method, then it is easy to see that g k satisfies
the unified Assumption 1 with A1 = C1 = D1 = 0, B1 = 1, σk2 ≡ 0, ρ = 1, A2 = B2 = C2 = 0.
See Tables 1 and 3 for an overview.

3

General Nonconvex Federated Optimization Problems

In this section, we consider the more general nonconvex distributed/federated problem (1) with
online form (2) or finite-sum form (3) (i.e., any number of nodes m ≥ 1). Here we allow different
nodes/machines to have different data distributions, i.e., we consider the non-IID (heterogeneous) data
setting. Note that in distributed/federated problems, the bottleneck usually is the communication cost
among workers, which motivates the study of methods which employ compressed communication.
Definition 1 (Compression operator) A randomized map C : Rd →
7
Rd is an ω-compression
operator if
E[C(x)] = x,
E[kC(x) − xk2 ] ≤ ωkxk2 ,
∀x ∈ Rd .
(10)
In particular, no compression (C(x) ≡ x) implies ω = 0.
Note that (10) holds for many practical compression methods, e.g., random sparsification [52],
quantization [1], natural compression [15]. We are not going to focus on any specific compression
operator; instead, we will analyze our methods for any compression operator captured by Def 1.
In the following, we provide two general algorithmic frameworks differing in whether direct gradient
compression (DC) or compression of gradient differences (DIANA) is used. Previous approaches
mostly focus on strongly convex or convex problems for specific instances of SGD. Ours is the first
unified analysis covering many variants of SGD in a single theorem, covering the nonconvex regime.
In fact, many specific SGD methods arising as special cases of our general approach have not been
analyzed before. See Tables 2 and 4 for an overview.
3.1

DC framework for nonconvex federated optimization

In the direct compression (DC) framework studied in this section, each machine i ∈ [m] computes its
local stochastic gradient geik , subsequently applies to it a compression operator Cik , and communicates
the compressed vector to a server, or to all other nodes (see Algorithm 2).
Algorithm 2 DC framework of stochastic gradient methods for nonconvex federated optimization
Input: initial point x0 , stepsizes ηk
1: for k = 0, 1, 2, . . . do
2:
for all machines i = 1, 2, . . . , m do in parallel
3:
Compute local stochastic gradient geik
4:
Compress local gradient Cik (e
gik ) and send it to the server
5:
end for
m
P
1
Cik (e
gik )
6:
Aggregate received compressed gradient information: g k = m
i=1

7:
xk+1 = xk − ηk g k
8: end for

Our main theoretical result describing the convergence properties of Algorithm 2 is stated below.
Theorem 3 (DC framework) If the local stochastic gradient geik (see Line 3 of Algorithm 2) satisfies
the recursions
2
Ek [ke
gik k2 ] ≤ 2A1,i (fi (xk ) − fi∗ ) + B1,i k∇fi (xk )k2 + D1,i σk,i
+ C1,i ,

(11)

2
2
Ek [σk+1,i
] ≤ (1 − ρi )σk,i
+ 2A2,i (f (xk ) − f ∗ ) + B2,i k∇f (xk )k2 + D2,i Ek [kg k k2 ] + C2,i ,
(12)

5

then g k (see Line 6 of Algorithm 2) satisfies the unified Assumption 1 with
m
1+ω
(1 + ω)A
1 X
2
, B1 = 1, D1 =
, σk2 =
D1,i σk,i
A1 =
,
m
m
m i=1
ρ = min ρi − τ,

(1 + ω)C
,
m

C2 = DC + τ C,
Pm
1
∗
∗
where A := maxi (A1,i + B1,i Li − Li /(1 + ω)), C := m
i=1 C1,i + 2A∆f , ∆f :=
P
P
P
m
m
m
(1+ω)DD
1
1
1
∗
f∗ − m
, D := m
i=1 fi , τ :=
i=1 D1,i A2,i , DB := m
i=1 D1,i B2,i , DD :=
m
Pm
PmA
1
1
D
D
,
and
D
:=
D
C
.
C
i=1 1,i 2,i
i=1 1,i 2,i
m
m
i

A2 = DA + τ A,

C1 =

B2 = DB + DD ,

The above result means that, as long as the local gradient estimators geik used in the DC framework (Algorithm 2) satisfy recursions (11)–(12), the global gradient estimator g k satisfies our
unified Assumption 1, and thus we can plug their corresponding parameters (i.e., specific values for
A1 , A2 , B1 , B2 , C1 , C2 , D1 , ρ) into our unified Theorems 1 and 2 to obtain the detailed convergence
rates for DC-type methods in the DC framework. To showcase the generality and expressive power of
our DC framework, we indeed describe several particular ways (e.g., GD, SGD, L-SVRG, SAGA) in
which such local gradient estimators can be generated, each leading to a particular instance DC-type
method. See Tables 2 and 4 for an overview.
3.2 DIANA framework for nonconvex federated optimization
We now highlight an inherent issue of the DC framework (Algorithm 2), which will serve as a
motivation for the proposed
DIANA framework described here. Considering any stationary point x
b
Pm
such that ∇f (b
x) = i=1 ∇fi (b
x) = 0, the aggregated compressed gradient
(even
if
the
full
gradient
Pm
1
is used locally, i.e., geik = ∇fi (xk )), is not equal to 0, i.e., g(b
x) = m
x)) 6= 0. This
i=1 Ci (∇fi (b
effect slows down convergence of the methods in DC framework. To address this issue, we use
the DIANA framework to compress the gradient differences instead (see Line 4 of Algorithm 3).
Algorithm 3 DIANA framework of stochastic gradient methods for nonconvex federated optimization
Pm 0
1
0
Input: initial point x0 , {h0i }m
i=1 , h = m
i=1 hi , stepsize parameters ηk , αk
1: for k = 0, 1, 2, . . . do
2:
for all machines i = 1, 2, . . . , m do in parallel
3:
Compute local stochastic gradient geik
k
k
b k = C k (e
bk
4:
Compress shifted local gradient ∆
i
i gi − hi ) and send ∆i to the server
k+1
k
k k
k
5:
Update local shift hi = hi + αk Ci (e
gi − hi )
6:
end for
m
P
1
bk
∆
7:
Aggregate received compressed gradient information: g k = hk + m
i
i=1

8:

xk+1 = xk − ηk g k

9:

1
hk+1 = hk + αk m

m
P
bk
∆
i

i=1

10: end for

Similarly, we show that the gradient estimator g k also satisfies our unified Assumption 1 and thus can
also be captured by our unified analysis.
Theorem 4 (DIANA framework) Suppose that the local stochastic gradient geik (see Line 3 of
Algorithm 3) satisfies (11)–(12), same as in the DC framework. Then g k (see Line 7 of Algorithm 3)
satisfies the unified Assumption 1 with
m
m
X
(1 + ω)A
1+ω 2
1 X
ω
2
A1 =
, B1 = 1, D1 =
, σk =
D1,i σk,i
+
k∇fi (xk ) − hki k2 ,
m
m
m i=1
(1 + ω)m i=1
n
o
(1 + ω)C
C1 =
, ρ = min min ρi − τ, 2α − (1 − α)β −1 − α2 − τ ,
i
m
A2 = DA + τ A, B2 = DB + B, C2 = DC + τ C,
2 2
Pm
η
1
∗
where A := maxi (A1,i + (B1,i − 1)Li ), B := ω(1+β)L
+ DD , C := m
i=1 C1,i + 2A∆f ,
1+ω
P
P
P
m
m
m
(1+ω)B
1
1
1
∗
2
∆∗f := f ∗ − m
, DA := m
i=1 fi , τ := α ω + Pm
i=1 D1,i A2,i , DB := m
i=1 D1,i B2,i ,
P
m
m
1
1
DD := m i=1 D1,i D2,i , DC := m i=1 D1,i C2,i , and ∀β > 0.
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